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Graphs and Surfaces

@ Graph: an ordered pair (V, E). Loops, parallel edges are allowed.

o (Closed) Surfaces: compact, connected and closed 2-dimensional manifold.

Theorem (Classification of closed surfaces)

genus g

1

Orientable

Non-orientable

None
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What is a map?

A map M is an embedding of a graph I' = (V, E) on a surface S such that each
connected component of S\ (VU E) is homeomorphic to an open disk. I' is called the
underlying graph of M.
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What is a map?

@ Vertex set V of M: the set of vertices of the underlying graph T.
o Edge set E of M: the set of edges of the underlying graph I'.
@ Face set F of M: the set of connected components of S\ (VU E).

e Euler characteristic of M: x = |V| — |E| + |F].
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What is a map?

A Platonic solid can be seen as a map on sphere (x = 2).

A
Cr

Five Platonic solids
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What is a map?

The Euler-Poincaré Formula

The Euler characteristic x of a map M is determined by the surface S on which M is
embedded:
2 —2g if S is orientable,

2 —g if S is non-orientable

x=!VI—!E|+!H={

where g is the genus of S.
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Combinatorial maps and symmetry

@ Combinatorial map: Given a map M with vertex set V, edge set E and face set F,
the triple (V, E, F) with the incidence relations is called a combinatorial map.

e Symmetry (Automorphism) of a map: a bijection on VU EU F preserving V, E, F
and the incidence relations.

@ Aut(M): the group consists of all automorphisms of the map M.

Figure: Maps that embedd digon into 52

They have same combinatorial map and symmetries Aut(M) = Z3.
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Highly symmetric maps

e Flags: incident triples of vertex-edge-face in a map.
o Regular map M: Aut(M) acts transitively on flags.

Regular maps on
@ Sphere: the five Platonic solids, embedded ¢-cycles and its dual.
@ Projective plane: embedded /-cycles, Ky, Kg and their duals.
© Torus: quotients of Euclidean tessellations.
@ Kilein bottle: None
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Highly symmetric maps

@ Arcs: incident pairs of vertex-edge in a map.

@ Bi-orientation: an assignment of local orientations at vertices such that adjacent
vertices have opposite orientations.

° Autb(/\/l): the group consist of all bi-orientation-preserving automorphisms of the
bi-orientable map M.

e Bi-rotary map M: Aut?(M) acts transitively on arcs.

A" A \ .
Bi-orientable map Non-bi-orientable map
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Highly symmetric maps

e Edge-transitive map M: Aut(M) acts transitively on edges.

o (Graver & Watkins, 1997). There are exactly 14 classes of edge-transitive maps
according to the action of Aut(M) on flags.

@ Regular maps and bi-rotary maps are two of the 14 classes of edge-transitive maps.
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Breakthrough

@ In 2005, Breda, Nedela and Siraf classified regular maps on all surfaces of
negative prime Euler characteristic.

@ In 2010, Conder, Poto¢nik and Sirari gave a classification of regular maps on

surfaces of Euler characteristic —p?.

@ In 2010, Conder, Sirafi and Tucker gave a complete classification of orientably
regular maps on surfaces of Euler characteristic —2p.

e In 2019, Breda, Catalano and Siran gave a classification of bi-rotary maps on
surfaces of Euler characteristic —p.
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The classification problem of bi-rotary maps

Question
Can we classify bi-rotary maps on surfaces of Euler characteristic —p” for a prime p
and a positive integer n?

Theorem (Breda et. al., 2019)

Classification of bi-rotary maps on surfaces of Euler characteristic y is equivalent to
classification of finite groups X = (x,y) with |y| = 2 and

1 1 1
| X (— + — —) = X.
X 2ol 2

Given such a group X = (x, y), denote the corresponding bi-rotary map by Map(X; x, y).

y
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Example (Macbeath's trick)

Let D= (x,y|x, y?,[x, ¥]*) be a finitely presented group. This gives an infinite
bi-rotary map U = Map(D, x, y). There is a normal subgroup N of D such that
D/N = T = PSL(2,7) and this gives the quotient map ¢//N, which is a bi-rotary map
of Euler characteristic —7. It follows that

N2 (Ng) = (ai(1 <i<9)|ata3...as).
For any integer n, set
M, = N'UG7(N), where Gza(N) = (g”'|g € N).

Then N/M, = Z8, and U/M, is a bi-rotary map with automorphism group
Z8,.PSL(2,7) and Euler characteristic —78"+1.
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Methods

Let X be a finite group and let p be a prime.
Q@ Py(p)-group: X = (x,y) with |y| =2 and

1 1 1
X (g —3) = "
EREIETIE

Q@ Z1(p)-group: X with two subgroups H; and Hy which are cyclic or dihedral such
that
[ X] = p"lem(|H1|, |Ha]).

@ P(p)-group: Xis a group such that for each prime r # p, the Sylow r-subgroup
of G is cyclic or dihedral.

Lemma
o Zy(p) = Z1(p) = P2(p).
e #1(p) is closed under normal subgroups and quotients.

@ P5(p) is closed under subgroups and quotients.
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Methods

Idea: Describe &5(p)-groups — Describe 71 (p)-groups — Describe &2 (p)-groups.

Theorem (Our work)

If X'is a Zy(p)-group, then G = X/Op(X) can be classified. Moreover, if X is abelian,
then X can be explicitly described.

Op(X): the largest normal p-subgroup of X.
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Main results: abelian case

Theorem

Let M be a bi-rotary map with n edges and an abelian automorphism group. Then

either M = B, or M = D,,.

Sphere Projective plane

S

D¢ Bs

Figure: Two bi-rotary maps with abelian automorphism groups
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Main results: non-abelian and solvable case

Theorem
If G = X/Op(X) is non-abelian and solvable, then:
G=(a): ((b) x H)

where H is a Hall {2,3}-subgroup. All possible H and types are listed in the table.

H (k,m) (p,7) Comments
Zi, = {po) (kikymb, 2my)  (abpy, pi’")

Ly xZy = {po) % {70) (k1kamly, 2ms) (abpo, 10) p=2
. (3°kam, 2-3°my) (abe, d) p=2
Dage = {c):(d) 2k, 2-3m3) (abed, d) 73

B \. (273%kymly, 2-3°my)  (abedy, da) B
ZZf X DZ-E)e - <dl> X <C><d2> (2]‘]@,’%/27 2‘3677’7,2) (abcdldg, dz) p= 2

2325 = ({di) x{d3)):(¢) (3%k,,4) (be. dy) p#2anda=1

TABLE 1. Possible structures for H and standard generating pairs for G
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Main results: non-solvable case

Theorem
If G = X/Op(X) is non-solvable, then:

G=(Rx D).Z

where f< 2, D= PSL(2, q), and:
(i) p>2, f=1, R cyclic of odd order, g = 2p* + 1 or g = p*
(i) p=2, f=1, g€ N (special numbers)
(i) p=2, f=2, G=Rx (PSL(2,q).Z2), ge N
(iv) p=2,f=2, 02(G/D)=1,ge N

Where N contains powers of 2 (2 4), Mersenne primes, and Fermat primes.
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